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1. Introduction and Weak Problem I n t h i s p a p e r w e d e r i v e G a l e r k i n s o l u t i o n s w i t h e r r o r b o u n d s f o r t w o d i me n s i o n a l e l l i p t i c p r o b l e ms i n v o l v i n g b o u n d a r y s i n g u l a r i t i e s f o r t h e c a s e i n w h i c h t h e g o v e r n i n g e q u a t i o n i s P o i s s o n ' s e q u a t i o n a n d t h e r e a r e D i r these bounds demand that specific derivatives of u be bounded throughout Ω , the closure of Ω. When the boundary ∂Ω contains c o r n e r s w i t h c e r t a i n i n t e r i o r a n g l e s , f o r e x a mp l e r e -e n t r a n t c o r n e r s , t h e s o l u t i o n u c o n t a i n s a s i n g u l a r i t y a n d t h e s e c o n d i t i o n s a r e n o t s a t i s f i e d . T h i s s h o r t c o mi n g w a s f i r s t o v e r c o me b y F i x ( 1 9 6 9 ) f o r self-adjoint linear second order elliptic problems with homogeneous boundary conditions where Ω is a rectangular domain having a re-entrant c o r n e r o f i n t e r i o r a n g l e 3 π / 2 . F i x u s e s r e c t a n g u l a r e l e me n t s a n d constructs approximations from spaces of piecewise polynomials a u g me n t e d w i t h f u n c t i o n s h a v i n g t h e f o r m o f t h e s i n g u l a r i t y . H e i s thus able for his problem to obtain a bound on the finite element error using the tensor product results of Birkhoff, Schultz and Varga (1968) .
Adopting a similar approach we here produce an 0(h) error bound using piecewise linear approximation over triangular elements for the problem 2.
( 1 . 1 ) -( 1 . 2 ) w h i c h h a s a mo r e g e n e r a l s h a p e d b o u n d a r y a n d n o n h o mo g e n e o u s b o u n d a r y c o n d i t i o n s .
The weak problem corresponding to (1.1) -(1.2) is the f o l l o w i n g :
where ψ =f on ∂Ω and .
The space ) ( W 1 2 Ω is the Sobolev s p a c e o f f u n c t i o n s w h i c h t o g e t h e r w i t h t h e i r f i r s t g e n e r a l i s e d derivatives exist and are in L 2 (Ω), WHEREAS is the subspace ) ( W ( 1 . 4 )
T h e e n e r g y n o r m ( s e mi n o r m) f o r ( 1 . 4 ) i s
(1.5)
T h e s o l u t i o n o f ( 1 . 3 ) i s t h e g e n e r a l i z e d s o l u t i o n u o f ( 1 . 1 ) -( 1 . 2 ) a n d u i s a p p r o x i ma t e d b y t h e G a l e r k i n a p p r o x i ma t i o n U .
2 . G a l e r k i n T e c h n i q u e s T h e r e g i o n Ω i s d i s c r e t i z e d i n t o t r i a n g u l a r e l e me n t s w i t h g e n e r i c l e n g t h h s o t h a t t h e r e a r e m i n t e r n a l a n d n b o u n d a r y n o d e s . We consider piecewise linear approximations. w i t h r e s p e c t t o t h e e v a l u a t i o n s a t t h e n o d e s . T h a t i s , t h e B i ( x , y ) 3.
h a v e z e r o b o u n d a r y v a l u e s a n d ,
= w h e r e C j ( x , y ) a r e z e r o a t a l l t h e i n t e r i o r n o d e s a n d
for the boundary nodes {(x m+p , y m+p )} The B
. 1 n p= i and C j are thus p y r a m i d f u n c t i o n s .
We define f S ⊂ to be the set of all functions s(x,y) )
w h e r e i n ( 2 . 1 ) t h e A i a r e c o n s t a n t s t o b e f o u n d a n d t h e h j f a r e T h e G a l e r k i n m e t h o d i s :
Lemma The Galerkin approximation U is the best approximation to the generalized solution u of (1.3) from S h in the energy n o r m ( 1 . 5 ) .
m a n d s o , a f t e r s u b s t i t u t i o n f r o m ( 2 . 1 ) f o r U , t h e e q u a t i o n s f o r t h e c a l c u l a t i o n o f t h e A i a r e
into (2.3) produces the normal equations for the best approximation U.
T h a t i s
s e e D a v i s ( 1 9 6 3 ) . H e n c e
I f i n t e r p o l a t e s u a t t h e m + n n o d a l p o i n t s , h S ũ ∈ t h e n ( 2 . 4 ) i m p l i e s t h a t
(2.5) a n d s o a n u p p e r b o u n d o n t h e i n t e r p o l a t i o n e r r o r y i e l d s a n u p p e r b o u n d o n t h e G a l e r k i n e r r o r .
B o u n d s o n t h e r i g h t h a n d s i d e o f ( 2 . 5 ) c a n b e o b t a i n e d f r o m
T h e o r e m 5 o f C i a r l e t a n d R a v i a r t ( 1 9 7 2 ) . I n o r d e r t o q u o t e t h i s t h e o r e m w e d e n o t e t h e i n t e r p o l a n t ~b y π u , w h e r e π i s t h e u l i n e a r o p e r a t o r c o r r e s p o n d i n g t o p i e c e w i s e l i n e a r i n t e r p o l a t i o n o v e r t h e t r i a n g u l a t i o n .
T h e o r e m ( C i a r l e t a n d R a v i a r t ) .
L e t Ω a n d π b e d e f i n e d a s a b o v e a n d ρ = s u p { d i a me t e r o f a l l c i r c l e s t h a t c a n b e i n s c r i b e d i n t h e t r i a n g l e s o f t h e t r i a n g u l a t i o n s ] , t h e n u i m p l i e s t h a t t h e r e e x i s t s a c o n s t a n t K s u c h t h a t )
P r o o f I n t h e n o t a t i o n o f C i a r l e t a n d R a v i a r t w e l e t m = 1 a n d 1 = 2 , a n d 
W e a s s u m e t h a t h i / ρ i ≤ α f o r s o m e f i x e d α , w h e r e , a s t h e m e s h i s r e f i n e d , { h i } i s a s e q u e n c e o f v a l u e s o f h a n d t h e { ρ i } a r e t h e c o r r e s p o n d i n g v a l u e s o f ρ ; i . e . t h e t r i a n g u l a t i o n s f o r m a r e g u l a r f a mi l y ( s e e C i a r l e t a n d R a v i a r t p . 1 7 4 ) . Wi t h t h i s a s s u mp t i o n ( 2 . 7 ) y i e l d s a n 0 ( h ) e r r o r b o u n d .
. B o u n d a r y S i n g u l a r i t i e s I n o r d e r t o u s e t h e b o u n d ( 2 . 7 ) w e n e e d u . I f
∂ Ω i s ) ( 2 2 W Ω ∈ s u
f f i c i e n t l y s m o o t h , a n d f ( x , y ) i s s u f f i c i e n t l y w e l l b e h a v e d , t h i s c o n d i t i o n i s s a t i s f i e d . H o w e v e r , i f t h e b o u n d a r y c o n t a i n s a c o r n e r a t w h i c h t h e i n t e r n a l a n g l e π/γ απ/β = = φ i s s u c h t h a t e i t h e r ( i )
l / γ < 1 a n d t h e n u m b e r y i s n o n -i n t e g e r , o r ( i i ) l / γ > 1 i n w h i c h c a s e t h e c o r n e r i s r e -e n t r a n t ,
w h e r e [ γ ] i s t h e g r e a t e s t i n t e g e r ≤ γ .
I n t e r e s t i n g c a s e s o c c u r w h e n
w e c o n s i d e r o n l y t h e s e . S u p p o s e t h e r e i s a r e -e n t r a n t c o r n e r a t a p o i n t 0 o n ∂ Ω a n d t h a t f ( x , y ) = 0 o n t h e a r m s o f t h e c o r n e r .
T h e n i n t e r m s o f l o c a l p o l a r c o -o r d i n a t e s ( r , θ ) w i t h o r i g i n a t 0 a n d z e r o a n g l e a l o n g o n e o f t h e a r m s o f t h e c o r n e r , t h e a s y m p t o t i c
f o r m o f u m a y b e w r i t t e n , s e e L e h m a n ( 1 9 5 9 ) , a s
w h e r e t h e a i a r e u n s p e c i f i e d c o n s t a n t s . T h e s e r i e s e x p a n s i o n c o n t a i n s p o w e r s o f r w h i c h a r e n o n -i n t e g e r ; e . g . t h e l e a d i n g t e r m i s a 1 r γ s i n γ θ . T h e s e c a u s e a b o u n d a r y s i n g u l a r i t y i n u a t 0 6. i n t h a t ∂ u / ∂ r i s u n b o u n d e d a t r = 0 a l t h o u g h . Following Fix (1969) and Barnhill and Whiteman (1973) 
I t i s t h e f u n c t i o n w t h a t i s a p p r o x i m a t e d t h r o u g h o u t Ω
b y t h e G a l e r k i n s o l u t i o n U , a n d c l e a r l y i f t h e a i a r e k n o w n , m a k i n g w ∈ t h e e r r o r b o u n d ( 2 . 7 ) w i l l t h e n a p p l y . H o w e v e r , ) ( 2 2 W Ω t h e a i c a n n o t b e c a l c u l a t e d e x a c t l y . I n p r a c t i c e a p p r o x i m a t i o n s a r e c a l c u l a t e d b y t h e m e t h o d o f a u g m e n t i n g w i t h s i n g u l a r f u n c t i o n s t h e t r i a l f u n c t i o n s p a c e i n t h e G a l e r k i n p r o c e d u r e . T h i s i s d e n o t e d by Aug S h . In each element the trial functions now have the form 
r a e q u a t i o n s a r e a d d e d t o t h e l i n e a r s y s t e m w h i c h w h e n s o l v e d g i v e t h e G

/ /
A s w a s s t a t e d e a r l i e r F i x u s e s r e c t a n g u l a r e l e m e n t s a n d b i l i n e a r t r i a l f u n c t i o n s . A n a d v a n t a g e o f o u r u s e o f t r i a n g u l a r r a t h e r t h a n r e c t a n g u l a r e l e m e n t s w i t h t h e c o r r e s p o n d i n g t r i a l f u n c t i o n s i s t h a t t h e A c k n o w l e d g m e n t T h e a u t h o r s a r e g r a t e f u l t o J . A . G r e g o r y a n d t h e r e f e r e e f o r u s e f u l c o m m e n t s . T h e r e s e a r c h o f R . E . B a r n h i l l w a s s u p p o r t e d b y t h e N a t i o n a l S c i e n c e F o u n d a t i o n w i t h G r a n t G P 2 0 2 9 3 t o t h e U n i v e r s i t y o f U t a h , b y t h e S c i e n c e R e s e a r c h C o u n c i l w i t h G r a n t B / S R / 9 6 5 2 a t B r u n e l U n i v e r s i t y , a n d b y a N . A . T . O . S e n i o r F e l l o w s h i p i n S c i e n c e .
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